Abstract. Let p be a prime greater than 3. In the paper we mainly determine
Introduction.
Recently Z.W. Sun and his coauthors studied congruences involving the binomial coefficient 3k k . For example, Zhao, Pan and Sun [15] showed that for any prime p > 5, Let Z and N be the sets of integers and positive integers, respectively. For a prime p let Z p denote the set of those rational numbers whose denominator is not divisible by p. Let p be a prime greater than 3 and m ∈ Z p with m ≡ 0 (mod p). In Sections 2 and 3 we study congruences for k m −k modulo p by using Lucas sequences, binary quadratic forms and the theory of cubic residues, where [x] is the greatest integer not exceeding x. In Section 4 we deduce some congruences involving For a, b, c ∈ Z and a prime p, we say that p is represented by ax 2 + bxy + cy 2 or p = ax 2 + bxy + cy 2 if there are integers x and y such that p = ax 2 + bxy + cy 2 . Let ( a n ) be the Legendre-Jacobi symbol. As examples, we have the following typical results. (1.4) Let p be a prime with p ≡ 13 (mod 24). Then For any numbers P and Q, let {U n (P, Q)} and {V n (P, Q)} be the Lucas sequences given by U 0 = 0, U 1 = 1, U n+1 = P U n − QU n−1 (n ≥ 1) and V 0 = 2, V 1 = P, V n+1 = P V n − QV n−1 (n ≥ 1).
Congruences involving
It is well known that (see [14] )
if P 2 − 4Q = 0 and V n (P, Q) = P + P 2 − 4Q 2
In particular, we have (2.1) U n (2, 1) = n and U n (a + b, ab) = a n − b n a − b for a = b.
As usual, the sequences F n = U n (1, −1) and L n = V n (1, −1) are called the Fibonacci sequence and the Lucas sequence, respectively. It is easily seen that (see [3, Lemma 1.7 
Lemma 2.2. Let p be an odd prime and k ∈ {1, 2, . . . , [
Proof. Suppose r = 1 or 3 according as 4 | p − 1 or 4 | p − 3. Then clearly
So the result follows.
Lemma 2.3. Let p be an odd prime and k ∈ {1, 2, . . . ,
Proof. It is clear that
This yields the result.
Theorem 2.1. Let p be an odd prime and P, Q ∈ Z p with p ∤ P Q. Then
and
Proof. Using Lemmas 2.1 and 2.2 we see that
Note that 2[
We deuce the first result. Using Lemma 2.3 we see that
By appealing to [7, Lemma 3 .1] we have
This completes the proof.
This yields the result. 
Proof. Taking (P, Q) = (2, 1), (1, 1) in Theorem 2.1 and then applying (2.1) and Lemma 2.4 we deduce the result. Theorem 2.2. Let p be an odd prime and x ∈ Z p with x ≡ 0, 1 (mod p).
Proof. If p ≡ 1 (mod 4), by Theorem 2.1 we have
. Now applying Theorem 2.1 and the fact (
So the theorem is proved. Proof. Taking x = 1 2 in Theorem 2.2(ii) we deduce the result. Theorem 2.3. Let p be an odd prime and P, Q ∈ Z p with p ∤ P Q(P 2 −4Q) and (
(ii) If (
Proof. Since ( Q p ) = 1, it is well known that (see [3] ) U (p−(
This together with Theorem 2.1 yields the result.
Theorem 2.4. Let p > 5 be a prime. Then
Proof. Taking P = 2 and Q = −1 in Theorem 2.1 we obtain 
Proof. Taking P = 1 and Q = −1 in Theorem 2.1 we obtain
(mod p) and
Theorem 2.6. Let p be an odd prime with p = 17.
Proof. Taking P = 8 and Q = −1 in Theorem 2.1 we see that
. From the above and [10, Corollary 4.5] we deduce the result.
Theorem 2.7. Let p be an odd prime with p = 3, 13. Then
Proof. Taking P = 3 and Q = −1 in Theorem 2.1 we see that 
Proof. Taking P = 6 and Q = −1 in Theorem 2.1 we see that
Now applying [10, Theorem 5.4] we deduce the result.
Lemma 2.5 ([5, Lemma 3.4]).
Let p be an odd prime and P, Q ∈ Z p with p ∤ Q(
Theorem 2.9. Let p be an odd prime and a ∈ Z p with p ∤ (16a
Proof. Putting P = 8a and Q = 1 in Theorem 2.1 we deduce that
If p ≡ 1 (mod 4), by Lemma 2.5 we have
If p ≡ 3 (mod 4), by Lemma 2.5 we have
Now combining all the above we obtain the result. 8
Corollary 2.2. Let p > 5 be a prime. Then
Proof. Since (
), putting a = 1 in Theorem 2.9 we deduce the result.
Corollary 2.3. Let p > 7 be a prime. Then
, putting a = 2 in Theorem 2.9 we deduce the result. Corollary 2.4. Let p > 3 be a prime. Then
Proof. Taking a = 1 2 in Theorem 2.9 we deduce the result. Theorem 2.10. Let p be a prime of the form 4k + 1 and
In particular, taking b = 8a and m = 1 we have
Proof. Putting P = b and Q = −m 2 in Theorem 2.1 we see that
Now applying [10, Theorem 3.2] we deduce the result.
Corollary 2.5. Let p be a prime with p ≡ 1 (mod 4) and p ≡ ±1, ±2, ±4, ±8 (mod 17).
Proof. Taking a = 1 in Theorem 2.10 we obtain the result.
Theorem 2.11. Let p be an odd prime, and b, m ∈ Z with p ∤ bm(b 2 + 4m 2 ). Then there is a unique δ p ∈ {1, −1} such that
where ( b+ci p ) 4 is the quartic Jacobi symbol.
Proof. Putting P = b and Q = −m 2 in Theorem 2.1 and then applying [7, Theorem 4.1] we deduce the result.
Theorem 2.12. Let p be a prime of the form 4k + 1 and a ∈ Z with p ∤ (1 + 16a
from Theorems 2.9 and 2.10 we deduce the result.
Corollary
Proof. Taking a = 1 in Theorem 2.12 we obtain the result.
Congruences involving
Proof. Suppose r = 1 or 2 according as 3 | p − 1 or 3 | p − 2. Then clearly
Theorem 3.1. Let p > 3 be a prime and a, b ∈ Z p with p ∤ ab. Then
Proof. Using Lemmas 2.1 and 3.1 we see that for P, Q ∈ Z p with p ∤ P Q,
Now taking P = 9b and Q = 3a in (3.1) we deduce the result. 
Proof. Taking a = in Theorem 3.1 and then applying Lemma 2.3 we deduce
Lemma 3.2. Let p > 3 be a prime and P, Q ∈ Z p with p ∤ P Q. Then
Proof. Since 2[
, we see that
by the above we have
(mod p).
If (
+1
(P, Q) (mod p).
If (
by the above and the fact
we have
So the lemma is proved. Theorem 3.3. Let p > 3 be a prime and a, b ∈ Z p with p ∤ ab. Then
Proof. From Theorem 3.1 and Lemma 3.2 we deduce
To see the result we note that 2[
and so
Corollary 3.1. Let p > 5 be a prime. Then
Proof. Taking a = − in Theorem 3.3 we obtain the result. 
Note that 2F n±1 = L n ± F n . From Corollary 3.1 and the above we deduce the result. 
(ii) If p ≡ 2, 8 (mod 15) and so p = 5x 2 + 3y 2 with x, y ∈ Z, then
Proof. It is known that U n (3, 1) = F 2n = F n L n . Thus, putting a = b = 1 3 in Theorem 3.3 we see that
It is easily seen that 2F n±1 = L n ± F n and 2L n±1 = 5F n ± L n .
Thus, if p = x 2 + 15y 2 ≡ 1, 4 (mod 15), using (3.2) we see that
If p = 5x 2 + 3y 2 ≡ 2, 8 (mod 15), using (3.3) we see that
Now combining all the above we obtain the result.Theorem 3.6. Let p be an odd prime with ( 
Now applying [9, Corollary 6.7] we deduce the result.
Theorem 3.7. Let p be an odd prime with ( 
Proof. Taking b = 1 and a = − 1 3 in Theorem 3.3 and applying (2.2) we see that
Now applying [9, Corollary 6.9] we deduce the result.
Let (u, v) be the greatest common divisor of integers u and v. For a, b, c ∈ Z we use [a, b, c] to denote the equivalence class containing the form ax 2 + bxy + cy 2 . It is well known that
We also use H(d) to denote the form class group of discriminant d. Let ω = (−1+ √ −3)/2. Following [6] and [9] we use ( ) 3 = 1. For later convenience, following [9] we introduce the following notation.
and let w be the product of all distinct prime divisors of W . Define
if 3 | r and 3 ∤ u, 9 if 3 ∤ r and 3 ∤ u, . Let p > 3 be a prime, and P, Q ∈ Z with p ∤ Q and
Moreover, the criteria for p | U (p−( 
Proof. Putting a = b = 1 in Theorem 3.3 and applying (2.2) we see that
Since ( Since k(9, 1, 69) = 1 by Definition 3.1, putting P = 9, Q = 3, d = 69, f = 1 and k = 1 in Lemma 3.3 and applying the above we see that
Now combining all the above with the fact (−3) Proof. Putting a = −1 and b = 1 in Theorem 3.3 and applying (2.2) we see that
Since ( 
Since k(9, 1, 93) = 1 by Definition 3.1, putting P = 9, Q = −3, d = 93, f = 1 and k = 1 in Lemma 3.3 and applying the above we see that 
So the theorem is proved.
Congruences via combinatorial sums.
For m, n ∈ N and r ∈ Z let
From [3, Corollary 1.8] or [11] we know that Theorem 4.1. Let p > 3 be a prime. Then
Proof. It is known that (see for example (
Thus, taking n = p−1 2 and using Lemma 2.3 we see that
To see the result, we note that 2 
To see the result, we note that 2 From [3, Theorem 1.6] we know that
From this we deduce 
